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Day 1: Classic Methods for Q and Forcing Halpern-Läuchli

I. Ramsey Theory on Countable Sets

II. Devlin’s Theorem for colorings of [Q]m.

III. Classic Methodology for characterizing the big Ramsey
degrees of (Q, <).

(a) Milliken’s Ramsey Theorem for Strong Trees

(b) Diagonal Antichains and Strong Tree Envelopes

(c) Upper Bounds

(d) Lower Bounds

IV. The Halpern-Läuchli Theorem
(a) Harrington’s ‘forcing proof’

(b) Halpern-Läuchli as Pigeonhole for inductive proof of Milliken
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Day 2: Forcing on Coding trees and general big Ramsey degree theory

Day 3: Infinite-dimensional Ramsey theory
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I. Ramsey Theory on Countable Sets
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Partition Theorems on finite subsets of !

Theorem (Pigeonhole Principle (PP))

If infinitely many marbles are partitioned into finitely many buckets,

then some bucket contains infinitely many marbles.

Theorem (Ramsey)

Given m, r and a coloring � : [N]m ! r , there is an infinite subset

N ✓ N such that � takes one color on [N ]m.

PP = RT with m = 1.
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Inductive Proof of Ramsey’s Theorem using PP
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Becase:m =1. Pigeonhole Principle.

Hyp:Ramsey's Theorem holds on [w]".

#step:Letc: (w]m*
-a beginen.

Let a be thewell-ordering on (w]" defined

as follows:For s=dioip..<im-13,t
=5joj, ... jm,

im-1 <jm -1

Sst E)Geither, -jan and bio, ..., im exJo, ---,fae

Note:C well orders (wint in order type w.



Inductive Proof of Ramsey’s Theorem using PP
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Let <Sn:ncw) enumerate (w] in <-increasing order.

The Ind. Step is now proved via induction
on theseq(n).
W

By RT for m, 7Moe (w)
max(so) + 13 and a

color roer s.r. c(SoU3j3) =ro, j c Mo

ByRT for m, 5 M, = [Molmax(s,)
+1]" and a

inproceedwithgeneral stepoft ,dation
--

Letmn=min (Mn) and N =2mincw3.

Apply PP toget Pe[N]" withall mnaP
having same color lcr. Arguethat[P]m* is
monochromatic for a withcolor l.



Inductive Proof of Ramsey’s Theorem using PP
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Recap:Proof Structure:

Ind on m:Base Case m = 1. Pigeonhole.

Ind Hyp:Assume
theorem true for m.

End Step:Order
[w] in order type w

so thatit is a sequence
of the sort

Finitelymany 333 <Finitelymaybetheenter..thingswith
e

In each block do a finite induction using PP.

Between the blocks is an infinite induction.

Final Step:ApplyInd Hyp.



Which infinite structures carry

analogues of Ramsey’s Theorem?

We will discuss this tomorrow.

Today, we thoroughly investigate the rationals as a dense linear order.
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II. Devlin’s Theorem for colorings of [Q]m.
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The Rationals as a Dense Linear Order

(Q, <) has a Pigeonhole Principle. (indivisible)

Ramsey’s Theorem fails for pairs of rationals. (Sierpiński, 1933)

Key Idea: Enumerate Q as hq0, q1, q2, . . .i

Define a coloring : for i < j , c({qi , qj}) =
(
red if qi < qj

blue if qj < qi

0�1/2 1/2�1 3/4 1 3/2�3/2

q0q1 q3q7 q6 q5 q4q2

q1 q6

�1/2 3/4

q7 q0

0�1

These patterns are unavoidable.
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Coloring Finite Sets of Rationals

Theorem (D. Devlin, 1979)

Given m, if [Q]m is colored by finitely many colors, then there is a

subcopy Q0 ✓ Q forming a dense linear order such that [Q0]m take no

more than C2m�1(2m � 1)! colors. This bound is optimal.

m Bound
1 1
2 2
3 16
4 272

Ci is from

tan(x) =
P1

i=0 Cix
i

Galvin (1968) The bound for pairs is two.

Laver (1969) Upper bounds for all finite sets.
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III. Classic Methodology for characterizing the

big Ramsey degrees of (Q, <).

(a) Representing Q by 2<!

(b) Milliken’s Ramsey Theorem for Strong Trees

(c) Diagonal Antichains

(d) Strong Tree Envelopes

(e) Upper Bounds

(f) Lower Bounds
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III(a). 2<! represents (Q, <)

s < t () s ◆ (s ^ t)_0 or t ◆ (s ^ t)_1
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8t

⑧ t

58
⑧t



III(a). 2<! represents (Q, <)

s < t () s ◆ (s ^ t)_0 or t ◆ (s ^ t)_1
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5

-8

There are 4 configurations in 2for
pairs sst.



III(b). Milliken’s Ramsey Theorem for Strong Subtrees

Let T be a finitely branching subtree of !<! with no terminal nodes.
S ✓ T is a strong subtree of T if there is a set A ✓ ! of levels such
that each node in T of length k 2 A \max(A) branches maximally in
T and each node in T of length k 62 A does not branch.

An n-strong subtree is a strong subtree with finitely many levels.
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I 1118141XVIVIVIN
V(X!XXX/XIX
I 11X
0

A 3-strong subtree.
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I oddddddddddIIY
Ydy!dd(dX11X

0 ⑧

8
A4-strong subtree.



Milliken’s Theorem

Theorem (Milliken, 1979)

Let T be a finitely branching subtree of !<!
with no terminal nodes.

Given n � 1 and a coloring of all n-strong subtrees of T into finitely

many colors, there is an infinite strong subtree of T in which all

n-strong subtrees have the same color.
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III(c). Diagonal Antichains

A subset A ✓ T is an antichain if each pair of nodes in A is
incomparable in the tree ordering.

An antichain A ✓ T is diagonal if its meet closure cl(A) has the
following properties:

1 Any two distinct meets occur on di↵erent levels.
2 Each meet has exactly two immediate successors.
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III(c). Diagonal Antichains
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III(c). Diagonal Antichains
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I 11 INXXXIXXIVID
k(X!Xyx/X1X/ 1 d
so

Note:Unavoidable colorings will take intoaccount
#of terminal nodes, relative lengths of terminal nodes

and meetnodes, lex order.



III(c). There is a diagonal antichain representing Q
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I

lay.
I Cnz

⑧

I

Cn
⑧

On,

En 93 Eno qrz
⑧ ⑱ ⑧ ⑧



III(d). Strong Tree Envelopes

Let T ✓ !<! be a finitely branching tree with no terminal nodes.

Let A ✓ T be a finite antichain.

Let n be the number of levels in the meet closure cl(A) of A.

A strong tree envelope of A is an n-strong subtree of T containing
A.
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III(d). Strong Tree Envelopes in 2<!
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⑧ 50

Ot
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III(d). Strong Tree Envelopes in 2<!
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OS

Ot

⑧



III(e). Upper Bound Proof using Milliken and envelopes
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Fix a finite diagonal antichain Aw

Let n =# of levels in the meetclosure of A.

⑧

0

0
n=5

A 0
here

An evelope of , ECA), is an n-strong
subtree of 2

"

which contains A.



III(e). Upper Bound Proof using Milliken and envelopes
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Fix a finite diagonal antichain A? 2W.

⑧

0

0

0

O

Note:There can be more than one

envelope of A, butthere are onlyfinitelymany.



III(e). Upper Bound Proof using Milliken and envelopes
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~

U Iwew finitely branching tree with no leaves.

Bo(U) =space of all infinitestrong
subtrees of U.

⑧

O

⑧

Sn(U) =setof all n-strong subtrees ofT



III(e). Upper Bound Proof using Milliken and envelopes
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fiven a finite diagonal antichain A?2w 3

Letn =number of levels in meetclosure of A.

ama:Fiven any n-strong subtree
S22"

there is exactly one isomorphic subcopy ofA

in S. Pf: Exercize.
Or see Lemma6.12 (Todorcevid.

Let c color all copies
of Ain 2" into rcolors.

Transfer this coloring to 3n (2"):

Fiven Sen (2) letd(S) be thecolor

of the copy of AinS. Apply
Milliken'sTheorem

to get Tt50(2") s.t. Jn(t) is monochrford.



III(e). Upper Bound Proof using Milliken and envelopes
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Then all copies
of Ain I have same

color.

Now, given m and c:(Q]"-> r,

enumerate the diagonal antichains of size
m as to..... Al. Use Milliken's Theorem

to get
2T.I...Tp all in 50(2)

so thatall copies of A:in
to have the same

color. In fact, Fick, all copies of As in t
have thesame color.



III(e). Upper Bound Proof using Milliken and envelopes

Natasha Dobrinen Infinite Structural Ramsey Theory Notre Dame 29 / 56

Since there is a diagonal antichain Dc2"

representing Q,
i is an upper bound

for thebig Ramsey degree of m-sized

linear orders in Q.



III(f). Lower Bound Proof
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II)./198
↳ Idoirine 1 18%

map. I
⑧

Look for"large"sets.
go



III(f). Lower Bound Proof
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References for material sofar:

D. Devlin, PhD Thesis, 1979 Dartmouth

Todorcevic, "Intro toRamsey Spaces"chapters 3
and 6

Laflamme-Saver-Vuksanovic 2006 has an accessible

lower bound proof for
Rado graph which

can be simplified for Q.



IV. The Halpern-Läuchli Theorem
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Halpern-Läuchli Theorem - strong tree version

Notation:
O

i<d

Ti :=
[

n<!

Y

i<d

Ti(n)

Theorem (Halpern-Läuchli, 1966)

Let Ti ✓ !<!
, i < d , be finitely branching trees with no terminal

nodes. Given a coloring � :
N

i<d Ti ! 2, there are strong subtrees

Si  Ti with nodes of the same lengths such that � is constant onN
i<d Si .

HL was distilled as a key lemma in the proof that the Boolean Prime
Ideal Theorem is strictly weaker than the Axiom of Choice over ZF.
(Halpern-Lévy, 1971)
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Example: Coloring T0 ⌦ T1
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Example: Coloring T0 ⌦ T1
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HL gives Si ✓ Ti with one color on S0 ⌦ S1

S0 S1
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IV(a). Harrington’s ‘Forcing’ Proof of Halpern-Läuchli
Theorem

Harrington devised a proof of the Halpern–Läuchli Theorem that uses
forcing methods to do countably many searches for finite objects.

This is NOT an absoluteness proof; no generic extensions involved.

References:

Farah and Todorcevic, Some applications of the method of forcing,
Yenisei Series, 1995.

Dobrinen, Forcing in Ramsey theory, RIMS Kokyuroku (2017) and

Dobrinen, The Ramsey theory of Henson graphs, JML 2023, Section
3.4 (with fewer typos than 2017).

Thanks to Laver for an outline of this proof in 2011!
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Harrington’s ‘Forcing’ Proof of HL

Fix d � 2 and let Ti = 2<! (i < d) be finitely branching trees with
no terminal nodes. Fix a coloring c :

N
i<d Ti ! 2.

Let  = i2d . Then  ! (@1)2d@0
. (Erdős–Rado)

P = Cohen forcing adding  new branches to each tree Ti , i < d .

P is the set of functions p of the form

p : d ⇥ ~�p !
[

i<d

Ti � `p

where ~�p 2 []<!, `p < !, and 8i < d , {p(i , �) : � 2 ~�p} ✓ Ti � `p.

q  p i↵ `q � `p, ~�q ◆ ~�p, and 8(i , �) 2 d ⇥ ~�p, q(i , �) ◆ p(i , �).
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Harrington’s ‘Forcing’ Proof of HL
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E2. Sp =33,w,w, +23

wi+
z)

c) pl0,w)
=P

LOC

pl1,
n) 4,3p(1,

w,t2)
P P

Up ⑧ ⑧ ⑧ ⑳

W ⑲
T=2w T, =2w



Harrington’s ‘Forcing’ Proof: Set-up for the Ctbl Coloring

For i < d , ↵ < , ḃi ,↵ denotes the ↵-th generic branch in Ti .

ḃi ,↵ = {hp(i ,↵), pi : p 2 P, and (i ,↵) 2 dom(p)}.

Note: If (i ,↵) 2 dom(p), then p � ḃi ,↵ � `p = p(i ,↵).

Let U̇ be a P-name for a non-principal ultrafilter on !.

For ~↵ = h↵0, . . . ,↵d�1i 2 []d , let ḃ~↵ := hḃ0,↵0 , . . . , ḃd�1,↵d�1i.

Let ḃ~↵ � ` := {ḃi ,↵i � ` : i < d}.
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Harrington’s ‘Forcing’ Proof
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Br

yayety



Harrington’s ‘Forcing’ Proof

GOAL: Find infinite sets K0 < K1 < ... < Kd�1, subsets of , and a
set of conditions {p~↵ : ~↵ 2

Q
i<d Ki} which are compatible, have the

same images in T , and so that for some "⇤ < 2, there are U̇ -many `
for which h(ḃ~↵ � `) = "⇤.

Then we will let t⇤i = p~↵(i ,↵i) for any/all ~↵ 2
Q

i<d Ki .

These t
⇤
i , i < d , will be the starting nodes above which we will build

the subtrees satisfying HL.
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Harrington’s ‘Forcing’ Proof

Towards the GOAL:

For ~↵ 2 []d , take some p~↵ 2 P with ~↵ ✓ ~�p~↵ such that

1 p~↵ decides an "~↵ 2 2 s.t. p~↵ � c(ḃ~↵ � `) = "~↵ for U̇ many `,
2 c({p~↵(i ,↵i) : i < d}) = "~↵.
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Setof lavishorbarbon orso excis in it.



Harrington’s ‘Forcing’ Proof: The Countable Coloring

For ~✓ 2 []2d and ◆ : 2d ! 2d , let

~↵ = (✓◆(0), ✓◆(2), . . . , ✓◆(2d�2))) and ~� = (✓◆(1), ✓◆(3), . . . , ✓◆(2d�1)).

Define f (◆, ~✓ ) = h◆, "~↵, k~↵, hhp~↵(i , �~↵(j)) : j < k~↵i : i < di,
hhi , ji : i < d , j < k~↵, �~↵(j) = ↵ii,
hhj , ki : j < k~↵, k < k~�, �~↵(j) = �~�(k)ii,

where k~↵ = |~�p~↵ |, and h�~↵(j) : j < k~↵i enumerates ~�p~↵ .

Define f (~✓ ) = hf (◆, ~✓ ) : ◆ 2 Ii.
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Harrington’s ‘Forcing’ Proof: Set of compatible conditions

 ! (@1)2d@0
implies 9H 2 []@1 homogeneous for f .

Take Ki 2 [H ]@0 where K0 < · · · < Kd�1 and let K :=
S

i<d Ki .

Main Lemma. {p~↵ : ~↵ 2
Q

i<d Ki} is compatible.
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Harrington’s ‘Forcing’ Proof
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The Main Lemma proceeds via some smaller

lemmas.

Akey idea used in a lotof RamseyTheory
is the sliding property

of indiscernibles.

If i R equivalent
and I&equivalent,

then i j equivalent.



Building the monochromatic subtrees
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Proof uses w applications of theforcing mechanism to get
a level set extension withcolor Ex.

·

j9
D color Ex P &O

r,E I 11 E IS S
Lo D1089/S0

Ko 9, aqgU, pys,
K

④↳8 8Bo 7 r=g w/color Ex.⑧,

E E I
diseko d o qEU: espobals,piste

du
scels,

/
It ⑧

a0,00 2 =(x0,4) =kx k,1,
·

py(1,x,)

To



IV(b). HL as Pigeonhole for inductive proof of Milliken
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of by induction on n.

Be: n=1. Istrong subtrees are singleton modes.

HL is Milliken for I-strong trees



IV(b). HL as Pigeonhole for inductive proof of Milliken
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#2:Fix So=7. So has immediate

successors (0) and (1).

Apply HL for 2 trees to get trees So,S,
withone color for level products.

Si
So

-
So



IV(b). HL as Pigeonhole for inductive proof of Milliken
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Continue up
thetree in finiteblocks

(nextlevelof thecurrent subtree). LikeRT.

At end of this infiniteinduction, we

transfer thecoloring tosingletonmodes.

Laststep, apply And Hyp (Milliken for 1-strong)

and get a strong subtree in which

all 2-strong subtrees have same color.



IV(b). HL as Pigeonhole for inductive proof of Milliken
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Excercize - you
writeoutgeneral inductive

prooffor (n+1-strong trees assuming

Milliken for n-strong trees.



Remarks

Harrington’s forcing proof of Halpern-Läuchli along with the
development of coding trees opened the door to proving the
Henson graphs have finite big Ramsey degrees, which in turn,
inspired a rapid expansion of results and methods.

In their AMS Memoirs book (2023), Anglès d’Auriac, Cholak,
Dzhafarov, Monin, and Patey, the Halpern-Läuchli Theorem is
computably true and admits strong cone avoidance.
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