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Day 1: Classic Methods for Q and Forcing Halpern-Lauchli

. Ramsey Theory on Countable Sets
. Devlin’s Theorem for colorings of [Q]™.

Classic Methodology for characterizing the big Ramsey
degrees of (Q, <).

(a) Milliken's Ramsey Theorem for Strong Trees
(b) Diagonal Antichains and Strong Tree Envelopes
(c) Upper Bounds

(d) Lower Bounds

. The Halpern-Lauchli Theorem

(a) Harrington's ‘forcing proof’
(b) Halpern-Lauchli as Pigeonhole for inductive proof of Milliken
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Day 2: Forcing on Coding trees and general big Ramsey degree theory

Day 3: Infinite-dimensional Ramsey theory
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|. Ramsey Theory on Countable Sets
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Partition Theorems on finite subsets of w

Theorem (Pigeonhole Principle (PP))

If infinitely many marbles are partitioned into finitely many buckets,
then some bucket contains infinitely many marbles.

Theorem (Ramsey)

Given m,r and a coloring x : [N]™ — r, there is an infinite subset
N C N such that x takes one color on [N]™.

PP = RT with m =1,
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Inductive Proof of Ramsey's Theorem using PP

BaseCase: -, Prgonhole Frmeple.
m
Thd HZ?3 Rumscy‘s Theorem holds on Lwl -

T nd Step: L(,'.{. c: [w]’m‘ — L”;G;"“"“
Let < Le Hu well- Of"urr"g om (W] defimed

as fHollows: For s=%i,¢ ;‘l"“<("m-l’gl t- Eﬂ;o‘ét"" ‘é“-l})

S Eof ser tea <
or i'm-\ = j’m-l and %Lol"’lim'l—g i@jdw "‘//m«z}.
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Inductive Proof of Ramsey's Theorem using PP
Let <sn: ncw? sihumerate [wl” in <- increasing order.

B\’ RT for wm, 3 H, e lw\ w\ax(so)+/1w and a
A N /R
By RT for m, AM, ¢ [M, \max (0411 amd
colov v er s c(s, U%a;’s) =, \7/? c ™M, .-

Let My = omin (M) amd N = %mn;hcw},
AVF[Y PP + g,d PGQ\IJM witte ol m, eP

mr(

l’luu?hg- Samt C.o["r" «Qe Y AI‘TM-"L@.‘{’BQJ (s
YVLOhocL\ro;v\q_-{-fc, 7£o/— C with color /é
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Inductive Proof of Ramsey's Theorem using PP

Recap Proof Structure:
Ihd on M’ Basa C.as¢ m= (. Pla?e.an he ]e
Lnd HVF: Assume Theorem trua for o

M ch order type w
£ Order [wd n o V4
Tnd :oeif,\,,_{r Gos as L;we of +he sort

r%r(d/ many
an F“’l el mam/ 4
-fimldywi“(‘ﬁ/ ‘f‘t\ ngsy wn‘t‘; ‘Murvslwﬁx ‘<
mma;(;’ mak e

Tn coch block oQO a tinite induckion using PP.
Between +he blocks s an infinite ih duction,

Finad Step: Apply Tid Hyp
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Which infinite structures carry

analogues of Ramsey's Theorem?

We will discuss this tomorrow.

Today, we thoroughly investigate the rationals as a dense linear order.
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[I. Devlin's Theorem for colorings of [Q]™.

Natasha Dobrinen Infinite Structural Ramsey Theory Notre Dame 9/56



The Rationals as a Dense Linear Order

e (Q, <) has a Pigeonhole Principle. (indivisible)
e Ramsey's Theorem fails for pairs of rationals. (Sierpinski, 1933)

Key Idea: Enumerate Q as (qo, g1, G2, - - -)

d ifg :
Define a coloring : for i < j, c({qi, q;}) = {rbel !f q z q;
ve if gj < g

—3/2 -1 —1/2 0 1/2 3/4 1 3/2
(] o (] () e o o ]
Q2 ar 0 do 4 ds Qs aa

These patterns are unavoidable.
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Coloring Finite Sets of Rationals

Theorem (D. Devlin, 1979)

Given m, if [Q]™ is colored by finitely many colors, then there is a
subcopy Q' C Q forming a dense linear order such that [Q']™ take no
more than Cy,—1(2m — 1)! colors. This bound is optimal.

m | Bound

; ; C; is from

3 16 tan(x) = ZTZO C,-Xi
4 272

e Galvin (1968) The bound for pairs is two.
e Laver (1969) Upper bounds for all finite sets.
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[11. Classic Methodology for characterizing the
big Ramsey degrees of (Q, <).

a
b

(a) Representing Q by 2<¢
(b)
(c) Diagonal Antichains
(d)
(e)
)

Milliken's Ramsey Theorem for Strong Trees

d
e

Strong Tree Envelopes
Upper Bounds
(f) Lower Bounds
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I1l(a). 2= represents (Q, <)

s<t<=s2D(sAt) OortD(sAnt)"1
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I1l(a). 2= represents (Q, <)

k

s<t<=s2D(sAt) OortD(sAnt)"1

mre, are L/ c,gyncféuy-a'l‘im\s T 2“0 ‘IEOI"
pairs S<t .
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I1I(b). Milliken’s Ramsey Theorem for Strong Subtrees

Let T be a finitely branching subtree of w<* with no terminal nodes.
S C T is a strong subtree of T if there is a set A C w of levels such
that each node in T of length k € A\ max(A) branches maximally in
T and each node in T of length k ¢ A does not branch.

D p O

\” ®

\2
An n-strong subtree is a strong subtree with finitely many levels.

A 3-strong subtree.
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I1I(b). Milliken’s Ramsey Theorem for Strong Subtrees

Let T be a finitely branching subtree of w<* with no terminal nodes.
S C T is a strong subtree of T if there is a set A C w of levels such
that each node in T of length k € A\ max(A) branches maximally in
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D O oW & @ XYV AH DS
(D % P " e, v O
5 Y 4>

an

An n-strong subtree is a strong Subtree with finitely many levels.

A U-strong subtree .
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Milliken's Theorem

Theorem (Milliken, 1979)

Let T be a finitely branching subtree of w<* with no terminal nodes.
Given n > 1 and a coloring of all n-strong subtrees of T into finitely
many colors, there is an infinite strong subtree of T in which all
n-strong subtrees have the same color.
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Ill(c). Diagonal Antichains

A subset A C T is an antichain if each pair of nodes in A is
incomparable in the tree ordering.

An antichain A C T is diagonal if its meet closure cl(A) has the
following properties:

@ Any two distinct meets occur on different levels.

@ Each meet has exactly two immediate successors.
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l1l(c). Diagonal Antichains

\/

v
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l1l(c). Diagonal Antichains

JANIRN4

N0+& unaVOldaL(e CO‘DV‘(}’\ s (AJIH +ak¢ ”"+° q_ccaum'lL
# of -I—Qrmlnwa nodes, ﬁ.‘a{—w fep,g-ﬂ\s of fervnimal wodes

amd mze‘f uoo(es, lex Oro(_p,r‘,
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Ill(c). There is a diagonal antichain representing Q

%’H CB".; %"c %'\1.
[ ]
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I1I(d). Strong Tree Envelopes

Let T C w<¥ be a finitely branching tree with no terminal nodes.
Let A C T be a finite antichain.

Let n be the number of levels in the meet closure cl(A) of A.

A strong tree envelope of A is an n-strong subtree of T containing
A.
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I1l(d). Strong Tree Envelopes in 2=

Uy
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I1l(d). Strong Tree Envelopes in 2=
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Ill(e). Upper Bound Proof using Milliken and envelopes

F?X a%nﬂt c..?agor\al &-m‘l’fclnc[/n A E 2(02'
et n= # of levels nthe  meet closure of A.

o

An in Ve/ope ot A, E(A), (s an h-—s—('r,;y
sabtree of 2% which contaims A.
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Ill(e). Upper Bound Proof using Milliken and envelopes
F?X Ou{:fnﬂc ol’m.gon.‘l th‘{'fclna?r\ A _C_ 24‘9(

QY

No+ei Thre Can J:Q more +L\QA’\ one
ehve(”?‘ of /4/ LML %ur( are oh/;/ thfvédiy Wlah/.
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Ill(e). Upper Bound Proof using Milliken and envelopes

u E DL)(“J -va('e ’or‘ancLun "T&C with no (ea ves .
5((1\ = gpace o a” mﬁn«rlc S’h’ong Subtrees of Uu.

WY

5 (u = get of oLl - S"_f‘oy\g cubtrzes of T,
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Ill(e). Upper Bound Proof using Milliken and envelopes

G?vem o finde DQ?QJOAJ antichain A 5,2“‘))
Let n= numbtr of levels in meet clos wre of A

<w
L&h\ma..‘ G:ivth ah/ h—s{‘ronj s‘uéfreL Sc2

Yare s Mac—Hy one TSo;-norFA?c Suéc_op)/ ot A

h S :
L€,+‘C, CDIOF D-“ co les O_F /4 " ZCU) (n‘l‘o PCJofS'

Traens fer s C"[”ﬂ"g +o 5n (2‘“’):
Given Se 5. (2%)  lot o(S) beta coler
of e Copy of A nS A("F/7 MUl ken's Thaorem

L 7;{- Teﬁw LZ‘W) s.T. Sm(‘r) (s manochrfor~d,
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Ill(e). Upper Bound Proof using Milliken and envelopes

Than U Copies of A in T haw same

C,olof‘,

Now , wen m o and c:-l@]l — r,
p,hu(mn.ra‘(’e Hae oﬂzagom,é anti chains of size
m as Ao . Ak' Use Milliken's mo»"e:u
o gt 29 27, 2. 2T, Ll in S (2°)
so Hat all copie s o€ A: in T. have e sams
color, L fact, Vi< k, el opies of 4; n 7;

[f\q(/q -Fﬁ..{ Same color.
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Ill(e). Upper Bound Proof using Milliken and envelopes

- ; <
SThce “"&Lrl_ s b OQTQ?OY\J M\.‘{"C»anm A QZ «

r@FrQSM\'l'Tng @, k s tm Wppey bouho(

’Pﬂf‘l'ﬁu ETE,RWMS&/ D‘)-Qgree of m-sized

"lr»wf oY‘zf,o,rs (Za)
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I1I(f). Lower Bound Proof

_ order )
preser ving

mog

Look £or Iarg);” Sets .
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I1I(f). Lower Bound Proof
Rﬂ«'&fM\CX—S Por Mu;l-erfal SO'FQV_ :

D, Dt\/lfn ] PhD n\LSTS, (2729 Daytmouth

Todorcevic, Latro. o Kms‘e, Spaces Clufh; 3
and

LQ‘HQMM'Saw— Vu ksanovie 2006 has an acceslle
(ower boundd Frao'F for R ado 3r‘a;>LL whvich
can be S’anl’- Fied for @.
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IV. The Halpern-Lauchli Theorem
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Halpern-Lauchli Theorem - strong tree version

Notation: ® Ti= U H Ti(n)

i<d n<w i<d

Theorem (Halpern-Lauchli, 1966)

Let T; C w=¥, i < d, be finitely branching trees with no terminal
nodes. Given a coloring x : @, Ti — 2, there are strong subtrees
S; < T; with nodes of the same lengths such that x is constant on

®i<d Si.
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Halpern-Lauchli Theorem - strong tree version

Notation: ® Ti= U H Ti(n)

i<d n<w i<d

Theorem (Halpern-Lauchli, 1966)

Let T; C w=¥, i < d, be finitely branching trees with no terminal
nodes. Given a coloring x : @, Ti — 2, there are strong subtrees
S; < T; with nodes of the same lengths such that x is constant on

®i<d Si.

HL was distilled as a key lemma in the proof that the Boolean Prime
Ideal Theorem is strictly weaker than the Axiom of Choice over ZF.
(Halpern-Lévy, 1971)
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Example: Coloring Ty ® T4
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e color on Sy ® 51

QL) O] O P DD

® ® )] )

50 51
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HL gives S; C T, with one color on 5y ® S;

QL) O] O P DD

® ® )] )

50 51
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HL gives

QL) O]

)

So

Natasha Dobrinen
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HL gives S; C T, with one color on 5y ® S;
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Natasha Dobrinen Infinite Structural Ramsey Theory Notre Dame 37 /56



HL gives S; C T, with one color on 5y ® S;

¢ O] (OBONO

® ® )] )

50 51

Natasha Dobrinen Infinite Structural Ramsey Theory Notre Dame 37 /56



IV(a). Harrington's ‘Forcing’ Proof of Halpern-Lauchli

Theorem

Harrington devised a proof of the Halpern—Lauchli Theorem that uses
forcing methods to do countably many searches for finite objects.

This is NOT an absoluteness proof; no generic extensions involved.

References:

Farah and Todorcevic, Some applications of the method of forcing,
Yenisei Series, 1995.

Dobrinen, Forcing in Ramsey theory, RIMS Kokyuroku (2017) and

Dobrinen, The Ramsey theory of Henson graphs, JML 2023, Section
3.4 (with fewer typos than 2017).

Thanks to Laver for an outline of this proof in 2011!
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Harrington's ‘Forcing’ Proof of HL

Fix d > 2 and let T; = 2<% (i < d) be finitely branching trees with
no terminal nodes. Fix a coloring c: @Q._, T; — 2.

i<d
Let & = Jpg. Then k — (R1){?. (Erdés-Rado)

P = Cohen forcing adding x new branches to each tree T;, i < d.

P is the set of functions p of the form

p:dxgp—>UT,-[€p

i<d
where 6, € [£]<“, 0, < w, and Vi < d, {p(i,8) : 6 € 5,} C T; | £,.

q<piffly>1, 0,20, and ¥(i,8) € d x b,, q(i,8) 2 p(i, ).
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Harrington's ‘Forcing’ Proof of HL

‘T—( - Zc-d
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Harrington's ‘Forcing’ Proof: Set-up for the Ctbl Coloring

Fori<d, a <k, ['J,-@ denotes the a-th generic branch in T;.
bio = {(p(i,a),p) : p € P, and (i,a) € dom(p)}.

Note: If (i,a) € dom(p), then p IF b, | £, = p(i, ).

Let ¢ be a P-name for a non-principal ultrafilter on w.
For & = <040, - ,Oéd,;l) € [K,]d, let bd’ = <b0,ao> Ceey bdfl,ad,1>-

Let by [ € :={bjo [ £:i<d}.
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Harrington's ‘Forcing’ Proof

P adds
K ?Lnerrc
[Ofolmola(rs

‘l{\V"O U.gl/\ 2ach
+ree.
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Harrington's ‘Forcing’ Proof

GOAL: Find infinite sets Ky < K1 < ... < K4_1, subsets of k, and a
set of conditions {ps : @ € [],_4 Ki} which are compatible, have the
same images in T, and so that for some €* < 2, there are U-many /

for which h(bz [ ¢) = €*.
Then we will let ] = pa(i, o) for any/all & € [],_, K:.

These tf, i < d, will be the starting nodes above which we will build
the subtrees satisfying HL.
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Harrington's ‘Forcing’ Proof

l‘:s.;,,L Ln,( l"o, Lo.{ bo,( '°°/°‘
st tatsd (CANV Y /S NN/
where ¢ (B,H)=8, H N JES AN
s in U. y
Towards the GOAL: P& Fz

For @ € [k]9, take some pz € P with @ C gp& such that
Q p; decides an €5 € 2 s.t. py IF c(b& [ 0) =eg for U many /,
Q@ c({pali,a;):i<d})=¢ea.

Natasha Dobrinen Infinite Structural Ramsey Theory Notre Dame 45 /56



Harrington's ‘Forcing’ Proof: The Countable Coloring

For 6 € [k]* and ¢+ : 2d — 2d, let

&= (B(0), 0u2);s - - - Bu2a—2y)) and F = (8,1, 0u3); - - - » Buaa1))-

Define  £(1,6) = (1,24, ks, ({pa(i,02())) - j < ks) : i < d),
((i,j) - i<d, j<kszdz(j) = a;),
(U k) 1 J < kay k < kg, 6a(j) = d5(k))),

where ks = |6,.|, and (65(j) : j < kg) enumerates 0.

Define f(6) = (f(1,0) : ¢ € ).
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Harrington's ‘Forcing’ Proof: Set of compatible conditions

r — (N1)}? implies 3H € [k]™ homogeneous for f.

Take K; € [H]™ where Ky < -+ < Ky_; and let K :=J

/<d

Main Lemma. {pz:a € [[,_, K} is compatible.

i<d
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Harrington's ‘Forcing’ Proof

The Main Lemma ?roceeals via some smaller

'ernmas-

A Rey dea used in a lot of Ramsey TZ°L°"/V

o He sl'.ol?na, P\MPQ,{—X of indrscernibles.
T L k y.%,u.T\/aﬂnmf

omd & k 0 g,odv a(ewf)

%M\ L 6’ Q%u'{ I/kl&n‘(‘,
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Building the monochromatic subtrees
oot USes w Glffﬁ cations of ) -r'-\ofcﬂ\a medhanism To get
set exiension Wy Solor E,g«

P

\ o Revel
o,
don(gae )
Q*
(D/Na) Cllxl
PZ 0‘22(0(0/4(‘)6 K,,X K, <
T
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IV(b). HL as Pigeonhole for inductive proof of Milliken

P£ \77 induction e N

Base: n=|. l—s+rh.j subtrees we anf/a‘m odles.

HL is  Milliken for |- strong Frees

———
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IV(b). HL as Pigeonhole for inductive proof of Milliken

Nn=2: Fix s, =42. S, has immediate

o ——

succe ssors (oY and < ).

Aoply HL For 24reesto gat Hrees S,
w?%y bre color Low level P72 ducts,

(
°

T
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IV(b). HL as Pigeonhole for inductive proof of Milliken
Con Finue Lp the free in Amile blocks

(W’—X“" deo-rc -f'&.e c,urfcmL Saé‘ﬁ‘ee) .
/44 end ot s in{tride thduction, we

-"Fams{‘er Hu @10’”‘3 ‘o Sﬁ\glﬂﬁn nodes.
Last step, apply Tod Hyp

tind %ti o1 S'{Ton; subtree 7Tn which
GM 2- Sm’“? S“LMS Aql« Sag Color,




IV(b). HL as Pigeonhole for inductive proof of Milliken

IE xcercize -

>/oa. W)":(‘l[f ot ?'cﬂlraj Tnaguc#/rbé
Frao‘@ {-‘mr‘ Q'H—()—-S-{Y-MZ #ees DLSSMMFA?

Millken for no-stromg  Tres.
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e Harrington'’s forcing proof of Halpern-Lauchli along with the
development of coding trees opened the door to proving the
Henson graphs have finite big Ramsey degrees, which in turn,
inspired a rapid expansion of results and methods.

e In their AMS Memoirs book (2023), Angles d'Auriac, Cholak,
Dzhafarov, Monin, and Patey, the Halpern-Lauchli Theorem is
computably true and admits strong cone avoidance.
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