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Day 3: Infinite-dimensional Ramsey theory

I. Infinite-dimensional Ramsey Theory on !.

(a) Proofs using combinatorial forcing.

II. Topological Ramsey Spaces.

(a) Definitions.

(b) The Four Axioms and Abstract Ellentuck Theorem.

(c) Examples.

III. Infinite-dimensional Structural Ramsey Theory.

(a) Extending big Ramsey degree results.

(b) Using forcing to prove Pigeonholes (Axiom A.4).

IV. More Directions and Open Problems.

V. References.
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I. Infinite-dimensional Ramsey Theory on !.
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Ramsey subsets of the Baire space

A subset X of [!]! is Ramsey if each for M 2 [!]!, there is an
N 2 [M ]! such that [N ]! ✓ X or [N ]! \ X = ;.

Ramsey’s Theorem (topological form). For any m and r , if X ✓ [!]!

is a union of basic clopen sets of the form [s,!] where s 2 [!]m, then
X is Ramsey.
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Infinite-dimensional Ramsey Theory

A subset X of [!]! is Ramsey if each for M 2 [!]!, there is an
N 2 [M ]! such that [N ]! ✓ X or [N ]! \ X = ;.

AC ) 9X ✓ [!]! which is not Ramsey.

Solution: restrict to ‘definable’ sets.
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Infinite-dimensional Ramsey Theory

A subset X of [!]! is Ramsey if each for M 2 [!]!, there is an
N 2 [M ]! such that [N ]! ✓ X or [N ]! \ X = ;.

Nash-Williams Thm. Clopen sets are Ramsey.

Galvin–Prikry Thm. Borel sets are Ramsey.

Silver Thm. Analytic sets are Ramsey.

Ellentuck Thm. A set is completely Ramsey i↵ it has the property
of Baire in the Ellentuck topology.
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Ellentuck Theorem

Ellentuck topology: refines the metric topology with basic open sets

[s,A] = {B 2 [!]! : s < B ✓ A}.

Theorem (Ellentuck)

A set X ✓ [!]! satisfies

(⇤) 8[s,A] 9B 2 [s,A] such that [s,B] ✓ X or [s,B] \ X = ;

i↵ X has the property of Baire with respect to the Ellentuck topology.

(⇤) is called completely Ramsey by Galvin–Prikry and Ramsey by Todorcevic.

The Ellentuck space is the prototype for topological Ramsey
spaces: Points are infinite sequences, topology is induced by finite
heads and infinite tails, and every subset with the property of Baire
satisfies (⇤).
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Nash-Williams Theorem

Definition

A family F ✓ [!]<! is Nash-Williams i↵ s 6= t in F implies s 6v t.

Definition

F ✓ [!]<! is Ramsey i↵ for each partition F = F0 [ F1, there is an
M 2 [!]! such that Fi |M = ;.

Theorem (Nash-Williams)

Every Nash-Williams family is Ramsey.
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Nash-Williams Theorem

Theorem (Nash-Williams)

Every Nash-Williams family is Ramsey.
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Proof developed "combinatorial forcing".

Example: Schreier Barrier

&se(w]: 1s1 =min(s) +13
33,4,5,64, I

37563 B,453//

2,4332,56...44,53/..us... as""
91,23913391,915? 42,3392,43 2 1/1.-

503 313 923 -33



Galvin-Prikry Theorem

Theorem (Galvin-Prikry)

Every Borel set X ✓ [!]! satisfies

8[s,A] 9B 2 [s,A] such that [s,B] ✓ X or [s,B] \ X = ;.
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Proof uses combinatorial forcing to show
that"Every open set is Ramsey." E
Lef: X=(w]W is completely Ramsey (CR);
this line holds.

The restof theproof has thefollowing
outline:



Galvin-Prikry Theorem
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1. Every open set is CR.

#Complements of CR sets are CR.

#I. If X is CR, Ae[w]W, and s2A,

then5 BECs, A] S.T. XMCAS" is open in
the

(Ellentucktook this onestepsubspace topology. further and used IS,A] as a top.)

#The countable union of CR sets is CR.

clude:Borel sets are CR!



Ellentuck Theorem

Theorem (Ellentuck)

A set X ✓ [!]! satisfies

8[s,A] 9B 2 [s,A] such that [s,B] ✓ X or [s,B] \ X = ;

i↵ X has the property of Baire with respect to the Ellentuck topology.
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AsetX has the property of Baire

> x =0DM

for some open set
O and some meagonsetM.

Note:S=4 gives w -> (v)". Holds in L(R), and
under ADR, AD++ V=L(O(R)).



Ellentuck Theorem
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Ellentuck's proof closely follows Falvin-Prikry, withan
importanttweak.

Here, we follow theproofofthe
1.54in Todorcevic's book.

Fix & &(w]". sit,n, ... [[w], A, B,C, ... e[w]"

If: Aaccepts if (s,A) =Y.

Arejects if HBCA,
B does not accepts.

Adecidess if
either A accepts s

or A rejects s.

(copy on board)



Ellentuck Theorem
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Lemma'1:(a)Accepting and rejecting are preserved
under 2.

(b) Fs FA, IBIAwhich decidess.

LemmaL:FA IBIA s.5. B decides all se[B]

Pf: Take Ao ?Adeciding 4. Letbot
min(Ad.

Take A, Adbo deciding Ebo3. Letb, =min(A.).

In 2 steps, takeAc=A, 1Eb,3 deciding both

2b,3 and Ebo, b,3. (recall pfofRT on Day 1)

Letb
=min (Az).



Ellentuck Theorem
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For theinductive step, given An and brtmin(An),

enumerateall subsetsof Ebo,bx ..., bn3

containing by. Find Anti Anl9bn3 deciding
all of them.
!

LetB=3bi:i <w3.

Claim:Fse[B]", Bdecidess.

N

(Thisisa very commontypeof argementintRs's)



Ellentuck Theorem
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Lemma:Suppose Adecides all of its finitesets.

If Arejects, thenArejects suEn3

Kon = A.

Lemma4: Suppose Adecides all of its finitesets.

If A rejects 4, thenFBCA
S.T. Brejects

peachSeaapplicationof Lemmaon firee
sets withfixed max. Ao

or\n3 UI

EboUEn3 Ail
Aone sooo bi · 15: 2bi3UEn3Azbo [br6,302n3



Ellentuck Theorem
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Lemma5:LetO be Ellentuck open subsetof [w]".

thenI basicopen IS, A], IBECS, A)
s.t.

either [s, B] <0 or [S,B] 10 =0.

Pf Idea: Apply Lemmas 1-4 relativized to[s,A].

Replace of by s.)

If AO-accepts, done.

Otherwise, Lemma4 => 5 B =(s,
A] thatO-rejects

all t Is withtCB. Then [s, B) 10 =0.

M



Ellentuck Theorem
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Lemmal:LetI be an Ellentuck-meager set. Then
F [s, A] 7 BeCs,A] s.5. (s, B] 1M =0.

Pf Idea:M =nYwW for some nowhere dense

SetsNr.

Note:An, Lem5=>F [s,C] 5D e[s,C] s.t.

(s,D>1Nn=Y, since n is n.d. E has open

complement.
Now do a diagonalization.



Ellentuck Theorem
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To finish theproof of Ellentuck's theorem,

LetO be open and I bemeager
s.5. X =0xM.

ThenNAO =M.

Lamb=5 Be,As...I
[s, B]rM =0.

Lem5=>5 CECs,B] s.t.

(s,c] 20 or [s,c] nO =0. Be



II. Topological Ramsey Spaces
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II(a). Topological Ramsey Spaces

History:

Carlson and Carlson-Simpson 1980’s and 1990’s.

Todorcevic Book 2010.
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II(a). Topological Ramsey Spaces

(R,, r)

[a,B] = {A 2 R : a < B ^ A  B}

Definition

A triple (R,, r) is a topological Ramsey space if every subset
with the property of Baire is Ramsey and every meager subset is
Ramsey null.
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II(b). Axioms guaranteeing TRS’s
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the following 4 Axious guaranteethata

space behaves likethe Ellentuck space.

Theseguaranteeinfinite-dimensional
Ramsey Theoremsof theform A + (A)A

where AR, an injectiveERS R, in

models of IF where all subsetsofRare

sufficientlydefinable.



Todorcevic’s Axioms for Topological Ramsey Spaces

(R,, r). AR = {rn(A) : A 2 R ^ n < m}

A.1 (Sequencing)
(1) r0(A) = ; for all A 2 R,

(2) B 6= A implies that rn(A) 6= rn(B) for some n,

(3) rm(A) = rn(B) implies m = n and rk(A) = rk(B) for all k  m.

A.2 (Finitization) There is a transitive, reflexive relation fin on AR

such that
(1) {a 2 AR : a fin b} is finite for all b 2 R,

(2) A  B i↵ 8m 9n such that rm(A) fin rn(B),

(3) 8a, b 2 AR [a v b and b fin c ! 9d v c a fin d ].
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Example:Ellentuck space.



Todorcevic’s Axioms for Topological Ramsey Spaces

A.3 (Amalgamation)
(1) 8a 2 AR 8B 2 R,

d = depthB(a) < 1 ! 8A 2 [d ,B] ([a,A] 6= ;),

(2) 8a 2 AR 8A,B 2 R, letting d = depthB(a),

A  B and [a,A] 6= ; ! 9C 2 [d ,B] ([a,C ] ✓ [a,A]).

A.4 (Pigeonhole) Suppose a 2 ARk and O ✓ ARk+1. Then for
every B 2 R such that [a,B] 6= ;, there exists A 2 [rK (B),B],
where d = depthB(a), such that the set {rk+1(C ) : C 2 [a,A]} is
either contained in O or is disjoint from O.
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Example:Ellentuck space.



II(c). Examples of Topological Ramsey Spaces

Ellentuck space

Milliken strong trees

FIN[1]

Many more.
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II(c). Milliken strong trees (1981)
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I AreSunsetof thestrongmateringthe I
V XXXXXX
#X Xra

-rcul

A.4:Halpern-Lauchi- r, (u)



II(c). Milliken’s block sequence space FIN[1] (1975)
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Maximal seq: A
=32n3:new3

BEFINC] means B:<bninew) each

bneFIN and bocb, < bz...

---------

B

C↳ e
--

C1 C2

CIB =theblocks in Care finiteunions of
blocks inB.

A.4=Hindman's Theorem



For more on (topological) Ramsey spaces, see Todorcevic’s 2010
book, Introduction to Ramsey spaces.
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III. Infinite-dimensional Structural Ramsey Theory
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KPT Question

Problem 11.2 in [KPT 2005]. Given a homogeneous structure K,

find the right notion of ‘definable set’ so that all definable subsets
of

�
K
K

�
are Ramsey.

We assume the universe of K is ! so that
�
K
K

�
is a subspace of [!]!.

Constraint: Big Ramsey degrees.

Must fix a big Ramsey structure and work on subcopies
(embeddings) of it.

The right theorem should directly recover exact big Ramsey
degrees.
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Infinite-Dimensional Ramsey Theory for the Rado graph

Theorem (D. 2019)

Fix an enumeration of the Rado graph and let U be its coding tree.

Then the space of all subcopies of that coding tree has the property

that all Borel sets are Ramsey.

Natasha Dobrinen Infinite Structural Ramsey Theory Notre Dame 30 / 52

Funnily, even thoughcodingtrees and

forcingon them were developed tohandle

BRD of its - forbidden substructures
-

theyturned outtobe useful for developing
0-dimlstructural R.T.



Infinite-Dimensional Ramsey Theory for the Rado graph

Theorem (D. 2019)

Fix an enumeration of the Rado graph and let U be its coding tree.

Then the space of all subcopies of that coding tree has the property

that all Borel sets are Ramsey.
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Falvin-Prikryanalogue

⑧

↓YYYY 2. h.'sdense

in 2w

=>Rado

I graph

⑧



Infinite-Dimensional Ramsey Theory for the Rado graph
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Fix an enumeratedRado graph IR. Let Sbeits codingtree.

Let R be thesetof all
subtreesof S which

code IRin the same way as
S.

Finitization map:Vn(T)
=Ist n levels oft.

Sa, T] =all UITink endextendinga

The implies S -* (SIS *for all Borel subete.

ThisTheorem, howeverdid notdirectlyrecover
exactBRD.



Recall ‘diaries’ = diagonal antichain plus possibly more
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IAneV



Infinite-Dimensional Ramsey Theory for SDAP+ structures

Theorem (D. 2022)

Let K be a Fräıssé structure satisfying SDAP
+
with finitely many

relations of arity at most two. Let � be a good diary representing K.

Then every Borel subset of R(�) is completely Ramsey.

Examples: Rado graph, k-partite graphs, ordered versions.

Proof follows Galvin-Prikry but uses forcing for a stronger Pigeonhole
and a new style of combinatorial forcing.

Corollary

If K has a certain amount of rigidity, Axiom A.3(2) of Todorcevic also

holds, so we obtain analogues of Ellentuck’s Theorem.

Examples: The rationals, Qn, QQ.
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Infinite-Dimensional Ramsey Theory for SDAP+ structures
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ordered Rado graph
Can pick outa diagonal antichanstill

representing theordered Rado graph

11 ·!

↑ Y .

XXXXXXXX X X
⑧

X X *V
xNo

x<No xw
rock

wewo
x #No ⑤



We wanted to see if we could get a stronger 1-dimensional theorem
for the Rado graph, and also extend to k-clique-free graphs and FAP
more generally.
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Infinite-dimensional Ramsey Theory

Theorem (D.–Zucker)

Fix a finitely constrained binary free amalgamation class K and let

K = Flim(K). Then K has infinite-dimensional Ramsey theory which

directly recovers exact big Ramsey degrees in (BCDHKVZ 2021).

The strength of the theorem ranges from ‘Souslin-measurable sets are
Ramsey’ (more than a Silver theorem analogue) to an analogue of the
Ellentuck Theorem.
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Abstract Ramsey Theorem

Theorem (Todorcevic)

Suppose that (R,S,,R) with finite restriction maps satisfying

axioms A.1–A.4, and that S is closed. Then the field of S-Ramsey

subsets of R is closed under the Souslin operation and it coincides

with the field of S-Baire subsets of R.

When R = S, this theorem implies the Abstract Ellentuck Theorem.

Theorem (D.–Zucker)

The conclusion of the above theorem still holds when axiom A.3(2)
is replaced by the weaker existence of an A.3(2)-ideal.
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S-Baire and S-Ramsey sets

For X 2 S and a a finite approximation to some member of R,

[a,X ] = {A 2 R : A R X and a < A}

A set X ✓ R is S-Baire if for every non-empty basic open set [a,X ]
there is an a v b 2 AR and Y  X in S such that [b,Y ] 6= ; and
[b,Y ] ✓ X or [b,Y ] ✓ X

c .

S-Ramsey requires b = a and Y 2 [depthX (a),X ].
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Axioms for Ramsey Spaces

(R,S,,R) and finite restrictions maps;
 ✓ S ⇥ S and R ✓ R⇥ S.

A.1 (Sequencing) For any choice of P 2 {R,S},
(1) M|0 = N|0 for all M,N 2 P,
(2) M 6= N implies that M|n 6= N|n for some n,
(3) M|m = N|n implies m = n and M|k = N|k for all k  m.

A.2 (Finitization) There is a transitive, reflexive relation
fin ✓ AS ⇥AS and a relation 

R
fin ✓ AR⇥AR which are

finitizations of the relations  and R, meaning that the
following hold:
(1) {a : a 

R
fin x} and {y : y fin x} are finite for all x 2 S,

(2) X  Y i↵ 8m 9n such that X |m fin Y |n,
(3) A R X i↵ 8m 9n such that A|m 

R
fin X |n,

(4) 8a 2 AR 8x , y 2 AS [a 
R
fin x fin y ! a 

R
fin y ],

(5) 8a, b 2 AR 8x 2 AS [a v b and b 
R
fin x ! 9y v x a 

R
fin y ].
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Todorcevic’s Axioms 3 and 4 for Ramsey Spaces

A.3 (Amalgamation)
(1) 8a 2 AR 8Y 2 S,

[d = depthY (a) < 1 ! 8X 2 [d ,Y ] ([a,X ] 6= ;)],

(2) 8a 2 AR 8X ,Y 2 S, letting d = depthY (a),

[X  Y and [a,X ] 6= ; ! 9Y 0
2 [d ,Y ] ([a,Y 0] ✓ [a,X ])].

A.4 (Pigeonhole) Suppose a 2 ARk and O ✓ ARk+1. Then for
every Y 2 S such that [a,Y ] 6= ;, there exists X 2 [Y |d ,Y ],
where d = depthY (a), such that the set {A|k+1 : A 2 [a,X ]} is
either contained in O or is disjoint from O.
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A.3(2)-ideals

An ideal I ✓ S ⇥ S is a set satisfying

(X ,Y ) 2 I ) X  Y .

(X ,Y ) 2 I and Z  X ) (Z ,Y ) 2 I.

I is an A.3(2)-ideal if additionally

8Y2S 8n<! 9Y
0
2S with (Y 0,Y ) 2 I and Y

0
|n = Y |n.

If (X ,Y ) 2 I and a 2 AR
X , there is Y 0

2 S with
Y

0
2 [depthY(a),Y], (Y 0,Y ) 2 I, and [a,Y 0] ✓ [a,X ].

Question. Are A.3(2)-ideals necessary?
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Strong Diaries and Forcing A.4
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·
N A DD A R
I 144 Forcing must
I for1 y notadd

111 I 18
A new pairsI 1 N I of edgeswith↳
-

ID ↑ N I! I a newvertex.

1 Y 11 IV
/1 M apy %16 pair

V I anticipating

I I X pairof

/ edges with

I I ·
C,

X
-



Strong Diaries and Forcing A.4
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da

The forcing produces a Halpern-Lauchli

style theorem, butkeeping in mind the

a) coding modes & by defaultyellowbits

b)splitting modes

c) green lines

d) notadding new
bits of forbidden

substructures



IV. More Directions

Non-forcing proofs.

Higher arities.

Infinite-dimensional structural Ramsey theory.

Computability Theory and Reverse Mathematics.

Topological dynamics correspondence.

When exactly does K having small Ramsey degrees imply
Flim(K) has finite big Ramsey degrees?

What amalgamation or other properties of K correspond to the
characterization of its big Ramsey degrees?
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IV. Open Problems
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1) Exact bigRamsey degrees for all Fraise classes
whichhave small Ramsey degrees,
and a language withfinitelymany relations
of any given arity.
- especiallyternary relations

and above

2) Doesfinitebig Ramsey degrees always

implya bigRamsey structure?
(Tucker)

3)Topological dynamicscorrespondence to
BRD $ 8-diml structuralRT?



IV. Open Problems
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↓)Ellentuck or other 8-dil RT for posetw/l.o.,

K-regular hypergraphs,
all (ordered) FAPclasses? (Sincetheyhave
Tournamentswithcertainforbidden tournaments (Sauer)

5) ERs's, ultrafilters, boxingconnections.

See ROI furance and Than Yuan Zheng's
Work. RK, Tubey, proves certainut's.

6) Ramsey spaces and ADR or L(R), etc.

See D- Hathaway (2021) extending Heale
-Mathias-

Woodin (1985) "Barren extensions"



IV. Open Problems
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6) Uncountable realm:Shelah 282:Con(HL(12),12mbl)

Damonja - Larson- Mitchell:bRD of 1-rationals
and K-Rado graph atK 2009 IsraelJM

2009 AFML

Jing Zhang 2019, Tail-come RTat1ml
and

analogue of Laver's Thu

D-Hathaway - lowering upperlodon consistency of
HLLic) atmile (5SL2017)
and preservation viasmall

forange (55(2020)

D-Shelah 2022 arxiv.

Many open problems here on
HL atlarge cards.
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Although Harrington's proof is writtenbetterin5ML2023.
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Thank you very much!

Go prove some cool theorems!
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